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Abstract
The objective of this paper is to study the existence of the gener-
alized Drazin inverse of the sum a+ b in a Banach algebra and present
explicit expressions for the generalized Drazin inverse of this sum, un-
der new conditions.
Key words and phrases : generalized Drazin inverse, additive prop-
erties, Banach algebras.
2010 Mathematics subject classification: 46H05, 47A05, 15A09.
1 Introduction
Throughout this paper, A will denote a complex unital Banach algebra with
unit 1. We will use A−1, Anil and Aqnil to denote the sets of all invertible,
nilpotent and quasinilpotent elements of A, respectively.
The generalized Drazin inverse of a ∈ A (or Koliha–Drazin inverse of a
[4]) is the unique element ad ∈ A which satisfies
adaad = ad, aad = ada, a− a2ad ∈ Aqnil.
The set of all generalized Drazin invertible elements of A will be denoted by
Ad. For a ∈ Ad, api = 1− aad is the spectral idempotent of a corresponding
to the set {0}. The Drazin inverse is a special case of the generalized Drazin
inverse for which a− a2ad ∈ Anil.
∗The author is supported by the Ministry of Education and Science, Republic of Serbia,
grant no. 174007.
†The corresponding author is supported by NSFC (No. 11371165; No. 11401249), the
Scientific and Technological Development Program Foundation of Jilin Province, China
(No. 20170520052JH; No. 20130522097JH), the Doctor Research Start-up Fund of North-
east Electric Power University (No. BSJXM-201525).
1
If p ∈ A is an idempotent, we represent any element a ∈ A as
a =
[
a11 a12
a21 a22
]
,
where a11 = pap, a12 = pa(1− p), a21 = (1− p)ap, a22 = (1− p)a(1− p).
Let a ∈ Ad. Then we can write
a =
[
a1 0
0 a2
]
relative to p = aad, where a1 ∈ (pAp)
−1 and a2 ∈ ((1− p)A(1− p))
qnil. The
generalized Drazin inverse of a is given by
ad =
[
ad 0
0 0
]
=
[
a−11 0
0 0
]
.
Now, we state very useful result on the generalized Drazin inverse of a
triangular block matrix.
Lemma 1.1. [1, Theorem 2.3] Let x =
[
a 0
c b
]
∈ A relative to the idem-
potent p ∈ A and let y =
[
b c
0 a
]
∈ A relative to the idempotent 1− p.
(i) If a ∈ (pAp)d and b ∈ ((1− p)A(1− p))d, then x, y ∈ Ad and
xd =
[
ad 0
u bd
]
, yd =
[
bd u
0 ad
]
,
where
u =
∞∑
n=0
(bd)n+2canapi +
∞∑
n=0
bpibnc(ad)n+2 − bdcad.
(ii) If x ∈ Ad and a ∈ (pAp)d, then b ∈ ((1 − p)A(1 − p))d and xd is
given as in part (i).
For a, b ∈ Ad, it is possible that the generalized Drazin inverse of a + b
does not exist or, if (a + b)d exists, then we do not always know how to
calculate (a + b)d in terms of a, b, ad, bd. Many authors have investigated
some special cases of this problem [1, 3], but we present some of them which
will be used later.
Lemma 1.2. [6] If a ∈ Aqnil, b ∈ Ad and ab = bpibabpi, then a+ b ∈ Ad and
(a+ b)d =
∞∑
n=0
(bd)n+1an.
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Lemma 1.3. [2] If a, b ∈ Ad and ab = ba, then a + b ∈ Ad if and only if
1 + adb ∈ Ad. In this case, we have
(a+ b)d = ad(1 + adb)dbbd + bpi
∞∑
n=0
(−b)n(ad)n+1 +
∞∑
n=0
(bd)n+1(−a)napi.
Using the assumptions apib = b and abapi = 0, the representation for
(a+ b)d was presented in [1]. In [5], the formula for (a+ b)d was given under
conditions which involve abapi = 0.
In this paper, we give explicit expressions for the generalized Drazin
inverse of a+ b in the cases that abapi = apibpibabpiapi or abapi = apibaapi. So,
under new conditions in the literature, the paper studies additive properties
of the generalized Drazin inverse in a Banach algebra.
2 Additive results
In the first theorem of this section, for a, b ∈ Ad such that abapi = apibpibabpiapi,
we investigate the existence of the generalized Drazin inverse of the sum a+b
and give explicit formula for (a+ b)d.
Theorem 2.1. Let a, b ∈ Ad and abapi = apibpibabpiapi. If apibapi (or apib or
bapi or aadbaad or aadb or baad) is generalized Drazin invertible, then
a+ b ∈ Ad ⇔ c = aad(a+ b) ∈ Ad ⇔ (a+ b)aad ∈ Ad ⇔ aad(a+ b)aad ∈ Ad.
In this case,
(a+ b)d = cd +
∞∑
n=0
(bd)n+1anapi −
∞∑
n=0
(bd)n+1anapibcd
+
∞∑
n=0
∞∑
k=0
(bd)n+k+2akapibaadcncpi +
∞∑
n=0
bpi(a+ b)napib(cd)n+2
−
∞∑
n=0
∞∑
k=0
(bd)k+1ak+1(a+ b)napib(cd)n+2. (1)
Proof. We have the following matrix representations of a and b relative to
p = aad:
a =
[
a1 0
0 a2
]
, b =
[
b1 b2
b3 b4
]
, (2)
where a1 ∈ (pAp)
−1 and a2 ∈ ((1− p)A(1− p))
qnil.
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By the assumption abapi = apibpibabpiapi, we get a1b2 = 0. Since a1 is
invertible, we deduce that b2 = 0. So,
b =
[
b1 0
b3 b4
]
.
Using Lemma 1.1, if one of the elements apibapi or apib or bapi is generalized
Drazin invertible, we conclude that b4 ∈ ((1 − p)A(1 − p))
d. Similarly, if
one of the elements aadbaad or aadb or baad is generalized Drazin invertible,
then b1 ∈ (pAp)
d. Applying again Lemma 1.1, because b ∈ Ad and one of
the above mentioned elements is generalized Drazin invertible, b1 ∈ (pAp)
d,
b4 ∈ ((1− p)A(1− p))
d,
bd =
[
bd1 0
s bd4
]
and bpi =
[
bpi1 0
−(b3b
d
1 + b4s) b
pi
4
]
, (3)
where
s =
∞∑
n=0
(bd4)
n+2b3b
n
1 b
pi
1 +
∞∑
n=0
bpi4 b
n
4 b3(b
d
1)
n+2 − bd4b3b
d
1.
From [
0 0
0 a2b4
]
= abapi = apibpibabpiapi =
[
0 0
0 bpi4 b4a2b
pi
4
]
,
we obtain a2b4 = b
pi
4 b4a2b
pi
4 . By Lemma 1.2, we observe that a2 + b4 ∈
((1 − p)A(1− p))d and
(a2 + b4)
d =
∞∑
n=0
(bd4)
n+1an2 .
Applying Lemma 1.1, a + b is generalized Drazin invertible if and only if
c(= aad(a+ b) = aad(a+ b)aad) = a1 + b1 is generalized Drazin invertible if
and only if (a+ b)aad is generalized Drazin invertible. In this case,
(a+ b)d =
[
a1 + b1 0
b3 a2 + b4
]d
=
[
cd 0
u (a2 + b4)
d
]
, (4)
where
u =
∞∑
n=0
[(a2+b4)
d]n+2b3c
ncpi+
∞∑
n=0
(a2+b4)
pi(a2+b4)
nb3(c
d)n+2−(a2+b4)
db3c
d.
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The equality a2b4 = b
pi
4 b4a2b
pi
4 implies a2b
d
4 = 0 and
(a2 + b4)
pi = (1− p)− (a2 + b4)(a2 + b4)
d = (1− p)− b4
∞∑
k=0
(bd4)
k+1ak2
= bpi4 −
∞∑
k=0
(bd4)
k+1ak+12 .
Hence,
∞∑
n=0
(a2 + b4)
pi(a2 + b4)
nb3(c
d)n+2 =
∞∑
n=0
bpi4 (a2 + b4)
nb3(c
d)n+2
−
∞∑
n=0
∞∑
k=0
(bd4)
k+1ak+12 (a2 + b4)
nb3(c
d)n+2.
(5)
By the equalities
X1 =
∞∑
n=0
(bd)n+1anapi =

 0 0
0
∞∑
n=0
(bd4)
n+1an2

 = [ 0 0
0 (a2 + b4)
d
]
,
X2 =
∞∑
n=0
(bd)n+1anapibcd =
[
0 0
0 (a2 + b4)
d
] [
b1c
d 0
b3c
d 0
]
=
[
0 0
(a2 + b4)
db3c
d 0
]
,
X3 =
∞∑
n=0
∞∑
k=0
(bd)n+k+2akapibaadcncpi =
∞∑
n=0
∞∑
k=0
(bd)n+k+2akapi(apibaadcncpi)
=
∞∑
n=0
[
0 0
0 [(a2 + b4)
d]n+2
] [
0 0
b3c
ncpi 0
]
=

 0 0∞∑
n=0
[(a2 + b4)
d]n+2b3c
ncpi 0

 ,
X4 =
∞∑
n=0
bpi(a+ b)napib(cd)n+2 =

 0 0∞∑
n=0
bpi4 (a2 + b4)
nb3(c
d)n+2 0

 ,
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X5 =
∞∑
n=0
∞∑
k=0
(bd)k+1ak+1(a+ b)napib(cd)n+2
=

 0 0∞∑
n=0
∞∑
k=0
(bd4)
k+1ak+12 (a2 + b4)
nb3(c
d)n+2 0

 ,
(5) and (4), we obtain that the formula (1) holds.
If we suppose that a ∈ Aqnil in Theorem 2.1, we get Lemma 1.2 as a
consequence.
By the following examples, we observe that the conditions abapi = 0
(which appears in [5]) and abapi = apibpibabpiapi are independent. Precisely,
in the first example, the condition abapi = 0 holds, but the condition abapi =
apibpibabpiapi is not satisfied.
Example 2.1. We consider the following matrices a and b in the algebra
of all complex 3× 3 matrices A:
a =

 0 0 00 0 0
0 1 0

 , b =

 0 0 10 0 0
0 0 0

 .
Since a2 = b2 = 0, then api = bpi = 1. So, abapi = 0 and
apibpibabpiapi = ba =

 0 1 00 0 0
0 0 0

 6= abapi.
Also, we present complex matrices a and b such that abapi = apibpibabpiapi,
but abapi 6= 0 in the next example.
Example 2.2. Let A be defined as in Example 2.1 and let a, b ∈ A such
that
a = b =

 0 0 01 0 0
0 1 0

 .
Notice that
a2 =

 0 0 00 0 0
1 0 0

 ,
a3 = 0 and api = 1. Thus, we have 0 6= abapi = a2 = apiapia2apiapi =
apibpibabpiapi.
6
Now, we give one consequence of Theorem 2.1. Notice that the condition
adab = 0 is equivalent to apib = b.
Corollary 2.1. Let a, b ∈ Ad. If abapi = bpibabpiapi and adab = 0, then
a+ b ∈ Ad and
(a+ b)d = ad +
∞∑
n=0
(bd)n+1anapi +
∞∑
n=0
bpi(a+ b)nb(ad)n+2
−
∞∑
n=0
∞∑
k=0
(bd)k+1ak+1(a+ b)nb(ad)n+2 −
∞∑
n=1
(bd)n+1anbad.
Proof. The assumptions abapi = bpibabpiapi and adab = 0 imply abapi =
apibpibabpiapi. Applying Theorem 2.1, for c = a2ad, we obtain this result.
If we suppose that aadb commutes with a in Theorem 2.1, we get the
explicit expression for cd in terms of a, b, ad and bd.
Theorem 2.2. Let a, b ∈ Ad, abapi = apibpibabpiapi and a2adb = aadba. If
apibapi (or apib or bapi or aadbaad or aadb or baad) is generalized Drazin
invertible, then
a+ b ∈ Ad ⇔ 1 + adb ∈ Ad ⇔ aad(1 + adb) ∈ Ad ⇔ (1 + adb)aad ∈ Ad
⇔ aad(1 + adb)aad ∈ Ad.
In this case, (a+ b)d is represented as in (1), where c = aad(a+ b) and
cd = ad(1 + adb)dbbd + aadbpi
∞∑
n=0
(−b)n(ad)n+1.
Proof. Using the same notation as in the proof of Theorem 2.1, observe
that a + b is generalized Drazin invertible if and only if c = aad(a + b) =
a1 + b1 is generalized Drazin invertible. The equality a
2adb = aadba gives
a1b1 = b1a1. By Lemma 1.3, c = a1 + b1 is generalized Drazin invertible
if and only if p + a−11 b1 = aa
d(1 + adb)(= (1 + adb)aad = aad(1 + adb)aad)
is generalized Drazin invertible which is equivalent to 1 + adb is generalized
Drazin invertible. Applying Lemma 1.3, we have that
cd = (a1 + b1)
d = a−11 (1 + a
−1
1 b1)
db1b
d
1 + b
pi
1
∞∑
n=0
(−b1)
na
−(n+1)
1
= ad(1 + adb)dbbd + aadbpi
∞∑
n=0
(−b)n(ad)n+1. (6)
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In the case that abapi = apibaapi, we obtain the following result related
to the generalized Drazin inverse of the sum a+ b.
Theorem 2.3. Let a, b ∈ Ad and abapi = apibaapi. If apibapi (or apib or bapi
or aadbaad or aadb or baad) is generalized Drazin invertible, then
a+ b ∈ Ad ⇔ c = aad(a+ b) ∈ Ad ⇔ (a+ b)aad ∈ Ad ⇔ aad(a+ b)aad ∈ Ad.
In this case,
(a+ b)d = cd +
∞∑
n=0
(bd)n+1(−a)napi −
∞∑
n=0
(bd)n+1(−a)napibcd
+
∞∑
n=0
(
∞∑
k=0
(bd)k+1(−a)kapi
)n+2
baadcncpi +
∞∑
n=0
(a+ b)napib(cd)n+2
−
∞∑
n=0
(bd)n+1(−a)napi(a+ b)n+1apib(cd)n+2. (7)
Proof. Suppose that a and b are represented as in (2). The hypothesis
abapi = apibaapi yields b2 = 0 and a2b4 = b4a2. Hence, b
d and bpi are given by
(3). Since a2 ∈ ((1−p)A(1−p))
qnil, ad2 = 0. Using Lemma 1.3, we conclude
that a2 + b4 ∈ ((1 − p)A(1− p))
d and
(a2 + b4)
d =
∞∑
n=0
(bd4)
n+1(−a2)
n.
The rest of this proof follows similarly as in the proof of Theorem 2.1.
If we add some extra conditions in Theorem 2.3, we obtain the next
results.
Corollary 2.2. Let a ∈ Aqnil and b ∈ Ad. If ab = ba, then a+ b ∈ Ad and
(a+ b)d =
∞∑
n=0
(bd)n+1(−a)n.
Corollary 2.3. If a, b ∈ Ad and bapi = 0, then
a+ b ∈ Ad ⇔ c = aad(a+ b) ∈ Ad ⇔ a2ad + b ∈ Ad.
In this case,
(a+ b)d = cd +
∞∑
n=0
anapib(cd)n+2.
8
Corollary 2.4. Let a, b ∈ Ad. If abapi = baapi and adab = 0, then a+b ∈ Ad
and
(a+ b)d = ad +
∞∑
n=0
(bd)n+1(−a)napi −
∞∑
n=0
(bd)n+1(−a)nbad
+
∞∑
n=0
(a+ b)nb(ad)n+2 −
∞∑
n=0
(bd)n+1(−a)napi(a+ b)n+1b(ad)n+2.
Corollary 2.5. Let a, b ∈ Ad and abapi = apibaapi and a2adb = aadba. If
apibapi (or apib or bapi or aadbaad or aadb or baad) is generalized Drazin
invertible, then
a+ b ∈ Ad ⇔ 1 + adb ∈ Ad ⇔ aad(1 + adb) ∈ Ad ⇔ (1 + adb)aad ∈ Ad
⇔ aad(1 + adb)aad ∈ Ad.
In this case, (a + b)d is represented as in (7), where c = aad(a + b) and cd
is given by (6).
If we define the reverse multiplication in a Banach algebra A by a◦b = ba,
we obtain a Banach algebra (A, ◦). Applying the previous theorems to new
algebra (A, ◦), we can obtain dual results. For example, see a consequences
of Theorem 2.1 and Theorem 2.3 in a new algebra (A, ◦).
Corollary 2.6. Let a, b ∈ Ad and apiba = apibpiabbpiapi. If apibapi (or apib or
bapi or aadbaad or aadb or baad) is generalized Drazin invertible, then
a+b ∈ Ad ⇔ aad(a+b) ∈ Ad ⇔ e = (a+b)aad ∈ Ad ⇔ aad(a+b)aad ∈ Ad.
In this case,
(a+ b)d = ed +
∞∑
n=0
apian(bd)n+1 −
∞∑
n=0
edbapian(bd)n+1
+
∞∑
n=0
∞∑
k=0
epienaadbakapi(bd)n+k+2 +
∞∑
n=0
(ed)n+2bapi(a+ b)nbpi
−
∞∑
n=0
∞∑
k=0
(ed)n+2bapi(a+ b)nak+1(bd)k+1.
Corollary 2.7. Let a, b ∈ Ad and apiba = apiabapi. If apibapi (or apib or bapi
or aadbaad or aadb or baad) is generalized Drazin invertible, then
a+b ∈ Ad ⇔ aad(a+b) ∈ Ad ⇔ e = (a+b)aad ∈ Ad ⇔ aad(a+b)aad ∈ Ad.
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In this case,
(a+ b)d = ed +
∞∑
n=0
api(−a)n(bd)n+1 −
∞∑
n=0
edbapi(−a)n(bd)n+1
+
∞∑
n=0
epienaadb
(
∞∑
k=0
api(−a)k(bd)k+1
)n+2
+
∞∑
n=0
(ed)n+2bapi(a+ b)n
−
∞∑
n=0
(ed)n+2bapi(a+ b)n+1api(−a)n(bd)n+1.
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